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Necessary and sufﬁcient conditions are presented for a square ma-
trix A over a general ﬁeld F to be the product of two unipotent
matrices of index 2. This generalizes a result established by Wang
and Wu (1991) [4] for the case where F is the complex ﬁeld.
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1. Introduction
An n × n matrix U over a general ﬁeld F is unipotent if U = I + N, where I is the identity matrix
and N is nilpotent. It is unipotent of index m if Nm = 0 and Nm−1 /= 0.
Wang and Wu [4, Theorem 2.7] showed that, over the complex ﬁeld, a matrix A is the product of
two unipotent matrices of index 2 if and only if A is similar to a matrix of the form
X ⊕ X−1 ⊕ (I + N) ⊕
(
m⊕
i=1
(−I + Ji)
)
,
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where 0 and ±1 are not eigenvalues of X , N is nilpotent, and each Ji is a nilpotent Jordan block of
even size. In this paper a similar result is obtained over a general ﬁeld by adding summands which are
companion matrices of symmetric polynomials of even degree (Theorem 1).
Wang andWu [4] also pointed out a close resemblance that exists between products of two involu-
tions and products of two unipotent matrices of index 2 over the complex ﬁeld. In fact, it follows that
A is the product of two unipotent matrices of index 2 if and only if A is the product of two involutions
and all the elementary divisors of A of the form (x + 1)m are of even degree. Since the characterization
of products of two involutions has been established over a general ﬁeld (ﬁrst by Wonenburger [5] for
ﬁelds of characteristic not equal to two, and later for all ﬁelds by Djokovic´ [1] and Hoffman and Paige
[3]), it is natural to ask whether the above result holds over all ﬁelds. Theorem 2 establishes that this
is indeed the case.
2. Preliminary results
A polynomial g(x) ∈ F[x] of degreem 1 is symmetric if it is monic with constant term a0 /= 0 and
g(x) = xm
a0
g
(
1
x
)
.
The companion matrix associated with the monic polynomial
g(x) = xm + am−1xm−1 + · · · + a0 ∈ F[x]
of degreem 1 is denoted by C(g), i.e.
C(g) =
⎡
⎢⎢⎢⎣
0 −a0
−a1
Im−1
...
−am−1
⎤
⎥⎥⎥⎦.
Similarity is denoted by ∼, and the characteristic of a ﬁeld F by char(F). The spectrum of a matrix A
over a ﬁeld F is the set of eigenvalues of A in F , and is denoted by σF(A).
Lemma 1. Let A ∈ Mn(F) where F is a ﬁeld with char(F) = 2. Then the following statements are
equivalent:
(a) A is a product of two unipotent matrices of index 2;
(b) A is a product of two involutions;
(c) A ∼ A−1;
(d) A ∼ X ⊕ X−1 ⊕
(
k⊕
i=1
C(p
mi
i )
)
, where each pi(x) (1 i k) is an irreducible symmetric polynomial.
Proof. The equivalence of (b)–(d) follows from [3, Lemmas 1–4]. Statements (a) and (b) are equivalent
since, over a ﬁeld of characteristic two, the concepts “involution" and “unipotent of index 2" are
equivalent: U2 = I ⇐⇒ (U − I)2 = 0. 
Lemma 2. Let p(x) = anxn + an−1xn−1 + · · · + a0 ∈ F[x] be a polynomial of even degree such that
ai = an−i (0 i n2 ) and an = a0 = 1. Then C(p(x)) can be expressed as a product of two unipotent
matrices of index 2 over F.
Proof. Choose a basis E = {e1, e2, . . . , en} of Fn and deﬁne the linear operators R, S : Fn → Fn by
R(ei) = R(en+1−i) = −ei + en+1−i
(
1 i
n
2
)
and
S(ei) =
⎧⎨
⎩
S(en−i) = ei − en−i if 1 i < n2 ;
0 if i = n
2
;
x1e1 + x2e2 + · · · + xn−1en−1 if i = n
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where the xi’s are arbitrary ﬁxed elements in F such that
xi + xn−i = 0, 1 i < n
2
. (∗)
It follows that R2 = S2 = 0. Our purpose is to show that the xi’s can be chosen in such a way that
(I + R)(I + S) has a matrix representation equal to C(p(x)).
Since
RS(ei) =
⎧⎪⎨
⎪⎩
RS(en−i) = −ei + ei+1 − en−i + en−i+1 if 1 i < n2 ;
0 if i = n
2
;
x1(−e1 + en) +∑ n2i=2(xi + xn+1−i)(−ei + en+1−i) if i = n.
It follows that
(I + R)(I + S)(ei) =
⎧⎪⎪⎨
⎪⎪⎩
ei+1 − 2en−i + 2en−i+1 if 1 i < n2 ;
ei+1 if n2  i < n;
−∑ n2i=1 xn+1−iei +∑ni= n
2
+1(2xi + xn+1−i)ei if i = n,
where xn = 1.
Choose the basis B = {v1, v2, . . . , vn} of Fn such that
vi =
⎧⎨
⎩ei + 2
∑ n
2
j=i+1 ej − 2
∑n−i
j= n
2
+1 ej if 1 i <
n
2
;
ei if
n
2
 i n.
It follows that the matrix representation of (I + R)(I + S) with respect to the basis B is C(p(x)) if we
choose
xi =
{−2∑i−1j=0 aj − ai if 1 i n2 ;−xn−i if n2 < i < n
(Note that the xi’s satisfy the requirement in (*)). 
3. Main results
Theorem 1. A matrix A ∈ Mn(F) is the product of two unipotent matrices of index 2 if and only if A ∼
X ⊕ X−1 ⊕
(
k⊕
i=1
C(p
mi
i )
)
, where 0,−1 /∈ σF(X) and each pi(x) (1 i k) is an irreducible symmetric
polynomial such that mi is even if pi(x) = x + 1 and char (F) /= 2.
Proof. The proof for the casewhere char (F) = 2 follows from Lemma1.We assume for the remainder
of the proof that char (F) /= 2.
Suppose A is the product of two unipotentmatrices of index 2. Note that the result in [4, Lemma 2.1]
is true over any ﬁeld if, instead ofσ(T1) ∩ σ(T−12 ) = ∅, we assume that the characteristic polynomials
of T1 and T
−1
2 are relatively prime. This then ensures that also [4, Lemma 2.2] is true over any ﬁeld.
Hencewehave thatA ∼ A−1. It therefore follows from[3, Lemma1] thatA ∼ X ⊕ X−1 ⊕
(
k⊕
i=1
C(p
mi
i )
)
,
where each pi(x) (1 i k) is an irreducible symmetric polynomial. We may assume that X and X−1
are in rational canonical form. Since (x + 1)m is symmetric for m 1, we may assume that −1 /∈
σF(X) by moving all summands of the form C((x + 1)m) in X and X−1 over to k⊕
i=1
C(p
mi
i ). Further,
from [4, Lemma 2.1], adapted as above, and [4, Lemma 2.3] which is valid over any ﬁeld F with char
(F) /= 2, it follows that mi is even if pi(x) = x + 1 and char (F) /= 2. This completes the proof in one
direction.
Conversely, suppose A is similar to a matrix of the form speciﬁed in the statement. It follows from
[2, Lemma 3], which is valid over any ﬁeld, that X ⊕ X−1 is the product of two unipotent matrices
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of index 2. If pi(x) = x − 1, then it follows from [4, Lemma 2.5], which is also valid over any ﬁeld,
that C(p
mi
i ) is the product of two unipotent matrices of index 2, and by Lemma 2 the same applies for
pi(x) = x + 1 ifmi is even.
Note that, since pi(x) = xn + an−1xn−1 + · · · + a0 is symmetric, it follows that an−i = a0ai
(0 i n) with an = 1. Hence a0 = ±1. Therefore the above two factorizations complete the case
where deg(pi(x)) = 1. Suppose deg(pi(x)) > 1. Since pi(x) is also irreducible, n must be even, since
otherwise pi(1) = 0 if a0 = −1 or pi(−1) = 0 if a0 = 1. It further follows, with n even, that a0 = 1,
since otherwise a n
2
= 0 (since char (F) /= 2) and pi(1) = 0. Thus, it follows form Lemma 2 that C(pmii )
is the product of two unipotent matrices of index 2, which completes the proof. 
In the case of algebraically closed ﬁelds, this theorem yields the result of Wang and Wu
[4, Theorem 2.7], since the only irreducible symmetric polynomials are x ± 1 and C((x + 1)m) ∼
−Im + Jm(0) and C((x − 1)m) ∼ Im + Jm(0).
Corollary 1. If F is an algebraically closed ﬁeld then A ∈ Mn(F) is a product of two unipotent matrices of
index two if and only if
A ∼ X ⊕ X−1 ⊕ (I + N) ⊕
(
m⊕
i=1
(−I + Ji)
)
,
where 0,±1 /∈ σF(X), N is nilpotent, and each Ji is a nilpotent Jordan block of even size.
(If char (F) = 2, the summand m⊕
i=1
(−I + Ji) falls away.)
The ﬁnal result shows that the resemblance between products of two unipotent matrices of index
2 and products of two involutions referred to in Wang and Wu [4] extends to all ﬁelds.
Theorem 2. Let A ∈ Mn(F), then the following statements are equivalent:
(a) A is a product of two unipotent matrices of index 2;
(b) A ∼ X ⊕ X−1 ⊕
(
k⊕
i=1
C(p
mi
i )
)
, where 0,−1 /∈ σF(X) and each pi(x) (1 i k) is an irreducible
symmetric polynomial such that mi is even if pi(x) = x + 1 and char (F) /= 2;
(c) A is a product of two involutions and all the elementary divisors of A of the form (x + 1)m are of even
degree if char (F) /= 2.
Proof. (a) and (b) are equivalent by Theorem 1.
If (b) holds, then X and X−1 cannot have elementary divisors of the form (x + 1)m since −1 /∈
σF(X). Hence (c) follows from [3, Lemmas 3 and 4]. Conversely, if (c) holds, then it follows from [3,
Lemmas 2 and 1] that A ∼ X ⊕ X−1 ⊕
(
k⊕
i=1
C(p
mi
i )
)
, where each pi(x) (1 i k) is an irreducible
symmetric polynomial. If char (F) /= 2, then all elementary divisors of the form (x + 1)m in X , X−1
and
k⊕
i=1
C(p
mi
i ) must be of even degree by [4, Lemma 2.1], adapted as above, and [4, Lemma 2.3].
Further, those appearing in X and X−1 may be moved over to
k⊕
i=1
C(p
mi
i ) (since x + 1 is symmetric).
Hence (b) follows. 
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